where I is a finite set of distinct tuples (α 0 ,α 1 ,...,α k ) for which each α i is a nonnegative integer, and the aᾱ are meromorphic functions in D = {z | |z| < 1}. For some index sets I, we determine conditions on aᾱ, whereby a meromorphic solution f of (1.1) in D will have finite order of growth as measured by the Ahlfors-Shimizu characteristic function.
In [1] , Bank investigated (1.1) where I consists of 2-tuples and the aᾱ are arbitrary analytic functions of finite order in the unit disk. He observed that such equations could possess analytic solutions of infinite order in the unit disk, but obtained a uniform growth estimate for all such solutions. He further noted that for arbitrary meromorphic solutions in the disk, no such uniform growth estimate is possible.
Recently, Heittokangas [3] showed for certain sets I that each meromorphic solution of (1.1) has finite order when the aᾱ are polynomial functions. Further, he and Wulan [5] studied the equation
where each bᾱ is analytic in D and satisfies sup z∈D (1 − |z| 2 ) q |bᾱ(z)| < ∞ for some q ≥ 0, and showed that if n is large enough relative to the size of the number q, then each meromorphic solution of (1.2) has finite order. Our first theorem is similar in character to the result of Wulan and Heittokangas, while our other theorems take into account the nature of the zeros or poles of the aᾱ coefficient functions. 
Statement of results
Our third result allows the coefficient functions aᾱ of (1.1) to have more poles than Theorem 2.2 does. To state it easily, we need to recall some facts and terms concerning the canonical products in the unit disk introduced by Tsuji [4] .
If f is a meromorphic function of finite order σ in the unit disk with {a n } its zero points for which a n ≠ 0, then
The convergence exponent µ ≥ 0 of {|a n |} is defined to be zero if n (1 −|a n |) < ∞, whereas otherwise it is that number for which
for any ε > 0. It follows that 0 ≤ µ ≤ σ . The Tsuji canonical product P formed with {a n } is defined by
It follows that p − 1 ≤ µ. Further, Tsuji [4, page 227] has shown that when n (1 − |a n |) = ∞, the order of P is equal to µ. 
, where ν β is the convergence exponent for the zeros of the zeros of 1/aβ,μ = maxᾱ ∈I\{β} µᾱ with µᾱ the convergence exponent for the zeros of aᾱ, and
with pβ the smallest positive integer for which
is the sequence of zeros of 1/aβ) and pᾱ the smallest positive integer for which 
where 
The arguments in our proofs proceed by contradiction and involve the use of normal families.
We will present a proof for Theorem 2.1 in Section 3 and a proof of Theorem 2.3 in Section 4. The proof for Theorem 2.2 proceeds along similar lines and will be omitted.
Proof of Theorem 2.1.
We will use a lemma attributed to Zalcman [6, 7] .
Lemma 3.1. A family of meromorphic functions on the unit disk is not normal if and only if there exist a number
0 < r < 1, points z k , |z k | < r, functions f k ∈ , and positive real numbers ρ k → 0 such that f k (z k + ρ k ζ) converges
spherically uniformly on compact subsets of C to a nonconstant meromorphic function g(ζ). The function g may be taken to satisfy the normalization
We proceed with the proof of Theorem 2.1 by assuming there exists a solution f for our equation with
This implies that for any A>0, there exists a sequence r k → 1 such that log
We claim that there exists a sequence w k , |w k | = r k → 1, such that
Otherwise,
Now, consider the family = {f k } in the unit disk, where
Taking the derivative with respect to z gives
and so
Hence, is not a normal family by Marty's criterion. By Lemma 3.1, there exist a real number 0 < r < 1, a sequence of complex numbers {z k } in D, |z k | < r , such that z k → 0, a sequence {ρ k } of positive real numbers such that ρ k → 0 + , and a nonconstant meromorphic function g in C such that
as k → ∞, spherically uniformly on compact subsets of C. g k is defined on the compact sets |ζ| ≤ (r −|z k |)/ρ k . In the construction of the proof of Lemma 3.1,
(3.13) Therefore, we have
so
and ρ k → 0 as k → ∞. Now, since aβ(z) is not identically zero, we can divide both sides of (1.1) through by aβ(z), and write it in the form
We proceed to substitute
for z into the differential equation. We have Differentiating with respect to ζ, we obtain
and by induction we can show that for j = 1, 2, 3,..., 
where
Multiplying both sides of the equality by
where β 1 is assumed to be a positive integer, we get
The modulus of the right-hand side of (3.23) is less than
Now, we use the inequality 
(3.26)
Thus, the right-hand side of (3.23) can be bounded in modulus by
which goes to zero as k → ∞. But as k → ∞, the left-hand side of (3.23) goes to g (ζ) β 1 . Hence, we obtain (g (ζ)) β 1 ≡ 0 in contradiction to g being a nonconstant function.
Proof of Theorem 2.3.
We will use the following lemma which is a modification of [4, Theorem V.25, page 224].
Lemma 4.1. Let f be a meromorphic function of finite order in D,
and let {a n } be its zero points for which a n ≠ 0. Let P be the Tsuji canonical product formed with {a n }, and let µ be the convergence exponent of {|a n |}. For n = 1, 2, 3,... , denote by C n the circle |z − a n | = (1 −|a n | 2 ) µ+4 . If z lies outside of C n for n = 1, 2, 3,... and 1/2 ≤ |z| < 1, then
where r 0 = min |a n | and p is a positive integer such that n (1−|a n |)
To prove Theorem 2.3, we argue by contradiction assuming first that there exists a solution f to the differential equation with
Then we claim that for each A ≥ 1 there exists a sequence w k with arg w k in S, and
for k → ∞. Otherwise, for 0 < t < 1,
for some constant K. Hence
Combining this estimate with assumption (v), we have
which contradicts (4.2). Therefore the sequence {w k } exists and there is an integer N 0 such that for k ≥ N 0 ,
As in the proof of Theorem 2.1, we observe that Marty's criterion shows that the family = {f k } defined in the unit disk by
is not a normal family. Also, by Lemma 3.1, there are a real number r with 0 < r < 1, a sequence of complex numbers {z k } in D with |z k | < r such that z k → 0 as k → ∞, a sequence {ρ k } of positive real numbers such that ρ k → 0 + as k → ∞, and a nonconstant function g in C such that
as k → ∞, spherically uniformly on compact subsets of C. g k is defined on compact sets {ζ/|ζ| ≤ (r −|z k |)/ρ k }. Further, the proof of Lemma 3.1 gives
Since aβ is not identically zero, we can divide (1.1) through by aβ(z) and write it in the form (3.16). Proceeding as in the proof of Theorem 2.1 with the substitution of τ k for z in the differential equation, the differentiation with respect to ζ, and the induction process for the derivatives of f at τ k , we again obtain (3.23). Replacing aᾱ and aβ by their representatives in assumption (iv), we get
(4.10)
Assumptions (iii) and (iv) assure that Lemma 4.1 may be used to estimate 1/Pᾱ(τ k )Pβ(τ k ) for which we obtain (4.11) for each pair ofᾱ andβ, whereK is a constant independent of k. Thus, by assumption (iv), the modulus of the right-hand side of (4.10) is bounded by
, (4.12) where K 0 is a constant. As in the proof of Theorem 2.1, we have
so our estimate becomes
.
(4.14)
Hence, as k goes to infinity, the modulus of the right-hand side of (4.10) goes to zero, and since the left-hand side goes to |g (ζ)| β 1 , we have a contradiction.
Remark 4.2.
A more refined theorem of the nature of Theorem 2.3 appears in the dissertation of Benbourenane [2] .
Journal of Applied Mathematics and Decision Sciences

Special Issue on Intelligent Computational Methods for Financial Engineering
Call for Papers
As a multidisciplinary field, financial engineering is becoming increasingly important in today's economic and financial world, especially in areas such as portfolio management, asset valuation and prediction, fraud detection, and credit risk management. For example, in a credit risk context, the recently approved Basel II guidelines advise financial institutions to build comprehensible credit risk models in order to optimize their capital allocation policy. Computational methods are being intensively studied and applied to improve the quality of the financial decisions that need to be made. Until now, computational methods and models are central to the analysis of economic and financial decisions.
However, more and more researchers have found that the financial environment is not ruled by mathematical distributions or statistical models. In such situations, some attempts have also been made to develop financial engineering models using intelligent computing approaches. For example, an artificial neural network (ANN) is a nonparametric estimation technique which does not make any distributional assumptions regarding the underlying asset. Instead, ANN approach develops a model using sets of unknown parameters and lets the optimization routine seek the best fitting parameters to obtain the desired results. The main aim of this special issue is not to merely illustrate the superior performance of a new intelligent computational method, but also to demonstrate how it can be used effectively in a financial engineering environment to improve and facilitate financial decision making. In this sense, the submissions should especially address how the results of estimated computational models (e.g., ANN, support vector machines, evolutionary algorithm, and fuzzy models) can be used to develop intelligent, easy-to-use, and/or comprehensible computational systems (e.g., decision support systems, agent-based system, and web-based systems)
This special issue will include (but not be limited to) the following topics:
• Computational methods: artificial intelligence, neural networks, evolutionary algorithms, fuzzy inference, hybrid learning, ensemble learning, cooperative learning, multiagent learning
• Application fields: asset valuation and prediction, asset allocation and portfolio selection, bankruptcy prediction, fraud detection, credit risk management • Implementation aspects: decision support systems, expert systems, information systems, intelligent agents, web service, monitoring, deployment, implementation
